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ABSTRACT

In this paper, we introduce and analyze a probabilistic distributed algorithm for a construction of a minimum spanning
tree on network. This algorithm is based on the handshake concept. Firstly, each network node is considered as a
spanning sub-tree. And at each round of the execution of our algorithm, spanning sub-trees are merged. The execution
continues until all spanning sub-trees are merged into one. We proof that spanning tree obtained is minimal and
characterize the expected number of phases required to reduce the number of spanning tree form nto 1. We show that
this expected number is bounded between O (log2 (n)) and O(n).
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.  INTRODUCTION

It goes without saying that information networks are pervasive in our daily lives. These networks provide several
services (sharing data archives, videos, music,...) which require the exchange of information between autonomous units
constituting the network calculations. Such exchange of information must be optimized to avoid overloading
communication links leading to network paralysis. To send an information unit to all others, so we wish to minimize the
number of messages sent and avoid redundancy. The structure of communication the most used that meet these criteria
being the tree. In addition, the network units and/or communication links, at present, are characterized by their
dynamicity over time.

A network is usually represented by a graph where the nodes represent the units of networks and the communication
links are represented by the edges.

A dynamic network is modeled by a dynamic graph [1, 2], its vertices and its edges appear and disappear [3]. Also if the
weight of the edges change, (a weighted graph) over time, the graph is dynamic [4]. This kind of graph is simply a
sequence (Gt) t>0 of a static graphs on the same set of vertices, where t€ N (to indicate that we consider discrete view
even if the graph can evolve continuously). The dynamic graph is noted by g.

We will use, in the remainder of this work, the static graph Gt which is an image of dynamic graph g at time t. Let At
being the lifetime of the static graph Gt, our task is focused on the construction of a minimum spanning tree of the
graph G by assuming that t. the time of its construction is pretty less than At, in other words, there exists a real « such
that o< <At then t<c.

The paper is organized as follows: Section 2 presents some notations and definitions necessary for understanding the
rest of the document. It exposes also our model and assumptions. Section 3 is devoted to describe our algorithm for the
minimum spanning tree construction. The analysis of this algorithm will be given in Section 4 and Section 5. Finally,
Section 6 concludes the paper and presents our further work.

1. DEFINITIONS AND MODEL
A) Definition and notions

Consider a graph G= (V, E) with n vertices (n=|V|) and a set of edges E.
A spanning tree is a sub graph which will maintain one path between any pair of vertices. Moreover, this covering
structure is in terms of the minimum number of edges used, no scan cycles is formed. Those two properties make that a

structure of trees is the most used structure in communication networks. This structure is very often the basic brick on
whicsubh many protocols centralized or distributed are leaned. For more information see [5, 6, 7, 8].
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A matching of G is a subset of edges Mc E such that each vertex is incident with at most one edge in M. In other
words the edges in the matching M do not touch each other. Every edge of M is called a matched edge and an edge in
the set E\M s called an unmatched edge. For more information see [9].

A maximal matching is a matching M of a graph G with the property that if any edge not in M is added to M, it is no
longer a matching, that is, M is maximal if it is not a proper subset of any other matching in graph G.

The size of the matching, |[M|, is the number of edges in M. We denote the size of maximum possible matching by [M".
The trivial relation [M*|<n/2 follows from the definition. If a maximum matching covers all the vertices, |M*|=n/2. The
perfect matching is noted M™.

B) Model and generality

We consider a network N with n > 1 entities. T is

a task to be performed on N and A, = (Ai)i<i<n @ probabilistic algorithm to achieve the task T. We define the random
variable (r.v.) X as the number of n iterations for the algorithm (Ai)viefi2-- ny IS complete the stage t. The average
complexity of the algorithm A, is the expectation value of X .

In the analysis of probabilistic algorithms, it is mainly concerned with expectancies X . However, a more refined
analysis, and sometimes more complex, allows to calculate, at least asymptotically, the distribution of X. In many cases,
we can show that the probability that X exceeds C(n) (a function of size n of the network) is bounded by 1/n* with «< >
1. We then say that X< C(n) with high probability[ 10][11].

I11. MINIMAL SPANNING TREE
A) Algorithm

Initially each vertex is itself a cluster. The virtual graph G is a graph of clusters. The latter consists of at least one vertex
or set of vertices linked together, without cycle, by a links named intra-cluster edge. A connection between two clusters
being the minimum weight edge between the set of vertices of these two clusters is called the inter-cluster edge, which
becomes an intra-cluster edge after the merger of the two clusters into a single cluster by applying the handshake
algorithm.

The matching process operates on the clusters. So, at each round, clusters are coupled. Two coupled clusters are merged
into a single cluster by applying the handshake algorithm. Therefore, only the minimum connections with the other
clusters will be retained.

The algorithm terminates when it remains only one cluster.

Everything that proceeds proves to us that the intra-cluster edges on which handshakes are occurred constitute the edges
of the minimum spanning tree reached.

The following algorithm describes the construction of a minimum spanning tree. It is started by each vertex of the
graph. We recall that each vertex is considered in itself as a cluster.

Algorithm 1: Minimum Spanning Tree Algorithm (MST-Algorithm).
In parallel, each cluster C executes the following instructions:
Begin
While my degree is greater than 0 do call Handshake procedure;
if handshake is occurred then
*merge me with the other matching cluster;
* restore the minimum edges with other clusters;

Algorithm 2: Handshake Procedure

Each cluster C executes forever the following steps during each unit time (round):
C waits until one of the following three events occurs:

« t =time (e;) and C has not received any signal from any other cluster neighbor;
C sends 1 on gj and 0 on all other incidents edges (# ¢i );

* C receives 1 from a neighbor C”;

C sends 0 to all its other neighbors;
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(* There is a handshake between C and C’.*)

return C ;

et=1;

(* The round terminates without C taking part in a handshake.*)

Since time is continuous, with probability 1 one and only one of these events will occur.

IV. Handshake procedure analysis

A) Handshake number

Throughout this paper G = (V, E) is a simple undirected graph. We refer to n = |V | > 2 as the size (or order) of G. To
avoid the triviality, we suppose that m = |E| > 1.

The algorithm starts with the generation of 2|E| independent uniform real random variables in the interval [0, 1]: two
r.v. for each edge. We can assume that all (2|E|)! Orderings on the set of these real numbers have the same probability.
This is the main hypothesis in the sequel.

In fact, for this assumption to be valid, one only has to postulate that, for each edge e={u, v} in G, the algorithm
generates two continuous r.v. re(u) and re(Vv), corresponding to dy(Vv) and dy(u) in the algorithm, supposing that these r.v.
associated with edges are all independent and identically distributed. The first matching takes place on the edge e ={u,
v}, if one of two associated r.v., re(u) or re(v), is minimal in the whole graph. Thus, for the first handshake on G, all
edges have the same chance 1/|E| to be chosen.

The assignment of the first meeting to u and v on {u, v}, involves that these vertices are removed with their incident
edges and, then, the process continues on the new graph (preserving the random generations for the remaining edges)
until no edges remain in the set of edges.

The handshake number in a round is simply the total number of edges to which a handshake is assigned. Let M(G) be
this number whenever our algorithm is applied to the graph G. This is an integer valued r.v. It takes the value 0 with
probability 1 if E=@, the value 1 with probability 1 if |E|=1. In general it takes a value ranging over the set of all
cardinalities of maximal (in the inclusion sense) matching in G, with some probability.

It seems useful to note the following fact which is easy to prove:

Factl. Let the first matching be assigned to e={u,v}. Let Ge= (V, E) be the graph obtained by dropping vertices u and v
and all incident edges from G. Then, all (2|E|)! orderings of generated r.v. (two per edge) in G , conditioned by the
minimality re(u) or re(v), have the same probability 1/(2|E[)!. This means that keeping the 2|E| r.v. for the edges of Ge is
equivalent to starting the algorithm on G¢ with new random generation.

This fact allows us to compute the probability distribution of of M(G) as follows. Let G = (V,E). If E= @, we have
M(G) = 0. We can easily prove the following:

Propositionl. Let M = {ey, e»,..., ex} @a maximal matching, the probability of having a handshakes on M is expressed as
follows:

K
1
ron = | [
L Im - 552 |Eej]
Where Eq; the set of the egde ei=(u;, vi) and its incident edges, then |Eei| = d(ui)+d(vi)—1.

Proposition2. For an integer k, a k-maximal matching on G is a maximal matching of size k. Let My the set of k-
maximal matching. The probability to have k handshakes on My is given by the following formula:

Pr(MK(G) = k) = Z Pr(M)
MeMk

Proposition3. For G = (V, E), let the r.v. My(e) which takes 1 if a matching is occurred over the edge and e is O if not.
The probability that the handshake takes flace on the fixed edge e is given by the following formula:

o= 3 2 T[(-2)2
_ mj/ mi
MeMk :_2 =
Where mj = m — E,_1|E-‘e.i|

and mi = m— E‘ 1|EE_}|
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V. ANALYSIS OF OUR ALGORITHM

A) Expected number of phases

In a graph G.=(V,Ec) of clusters, a process of a minimum spanning tree construction can be seen simply as a process
of successive elimination of clusters, merging clusters to one.

The expected number of phases required to reduce the number of clusters from n. to one is given by the following
proposition.

Proposition4. Let Ge=(V,, Ec) a cluster graph such that |V¢=n. and |Ec|=m¢, and let X(n¢) denotes the expected number
of phases required to obtain a spanning tree. We have:

kmax

X(no) =1+ Z Pr(M(G) = ) X(nc— k)

k=kmin

Where:

* kmin is the minimum cardinality of maximal matching,

* kmax is the maximum cardinality of maximal matching.

Remarquel. Note that by definition X (1) = 0.

Proposition5. The lower bound of expected number X (nc) of phases required to construct a minimum spanning tree is
loga(nc).

Proposition 6. The upper bound of the expected number X(nc) of phases required to construct a minimum spanning tree
is nc—1.

B) Minimality proof

It is easy to see that the spanning tree produced is minimal. Our algorithm can be considered as distributed Bortvka's
algorithm. Indeed, the {\it Handshake Procedure} selects the edges, as a spanning sub-tree, which have the minimum
values in the whole graph. The ends of each edge are merged in one end. And again the the Handshake Procedure is
executed on the residual graph selection edges with minimum values. This process is reiterated until the residual graph
is reduced to one component. The edges on with the handshakes are occurred are in the spanning tree. The latest is
minimal since the selected edges at each iteration are minimal.

VI. CONCLUSION

Our algorithm proceed by round. In the first round each vertex constitute it-self a group. The algorithm of handshake is
applied between the groups and for a handshake between two groups; those groups are merged in one group. In the nest
round, the handshake algorithm is applied again. So the process continues until all groups are merged to only one. In
this stage, the edges where the handshakes are occurred between groups form a minimal spanning tree reached.
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